The combined effects of pressure and temperature on the energy levels of a parabolic GaAs quantum dot under a magnetic field have been studied. The exact diagonalization method was used to solve the two-electron quantum dot Hamiltonian and to obtain the eigenenergies. In addition, we investigated the effects of pressure and temperature on the singlet-triplet exchange energy (J = E T − E s ) of the quantum dot as a function of a magnetic field. The magnetic field-parabolic confinement (ω c − ω 0 ) phase diagram of the quantum dot was calculated. The comparisons show that our results are in very good agreement with the previously published works.
Introduction
Quantum dots (QDs), or artificial atoms, are the subject of research interest due to their physical properties and their great potential applications, such as quantum dot lasers, solar cells, single electron transistors and quantum computers [1] [2] [3] [4] [5] . The application of a magnetic field perpendicular to the dot plane introduces an additional structure on the energy levels and correlation effects of the interacting electrons that are confined in a quantum dot. Different approaches have been used to study the electronic and thermodynamic properties of the quantum dot. Theoretically, many authors have solved the two-electron QD Hamiltonian, including the effect of an applied magnetic field, to obtain the eigenenergies and eigenstates of the QD system [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . The results of these studies predicted the oscillations between spin-singlet (S) and spin-triplet (T) ground states. Thermodynamic quantities such as heat capacity (C v ), magnetization (M) and magnetic susceptibility (χ) of the quantum dot have also been calculated [20] [21] [22] [23] [24] [25] [26] [27] . The results show that the interacting model behaves very differently from noninteracting electrons, and the oscillations in the curves of the magnetization and heat capacity were attributed to the spin singlet-triplet transitions in the ground state spectra of the quantum dot. Very recently, Al-Douri et al. used various computational methods, in a different series of articles, to investigate the electronic, structural, optical and thermodynamic properties of chalcogenide-based quantum dots [28] [29] [30] [31] [32] [33] [34] . Experimentally, the magnetization of electrons in a GaAs/AlGaAs semiconductor QD as a function of an applied magnetic field at a low temperature of 0.3 K was measured [35] . They observed oscillations in the magnetization. To reproduce the experimental results of the magnetization, they found that the electron-electron interaction in the theoretical model of the QD magnetization should be taken into account. Very recently, the effects of pressure and temperature on the electronic and optical properties of a quantum dot in external magnetic and electric fields have also been considered [36] [37] [38] .
In this work, we consider a two-electron parabolic quantum dot placed in a magnetic field, including the effects of pressure and temperature. We applied the exact diagonalization method to solve the QD Hamiltonian and to obtain the exchange energy (J) and the magnetic field-parabolic confinement (ω c − ω 0 ) phase diagram for various values of physical parameters: pressure, temperature, parabolic confinement and magnetic field strength. The rest of this paper is organized as follows: Section 2 presents the Hamiltonian theory of two interacting electrons in a quantum dot, including the effects of pressure (P) and temperature (T) on the physical parameters, and the diagonalization technique for solving the QD Hamiltonian. We devote the final section to numerical results and conclusions.
Theory
In this section, we describe in detail the theory of the quantum dot Hamiltonian, including the pressure and temperature dependence of the effective mass and dielectric constant of GaAs quantum dot material. We also describe the exact diagonalization method.
Quantum dot Hamiltonian
The effective mass Hamiltonian for two interacting electrons confined in a QD by a parabolic potential in a uniform magnetic field B = Bk can be written in a separable form as:
where ω 0 , μ = [17] . The corresponding energy of the QD-Hamiltonian equation (1) is:
The centre of mass Hamiltonian given by equation (2) is a harmonic oscillator equation with well-known eigenenergies:
where n cm , m cm are the radial and angular quantum numbers respectively, and ω = However, the relative motion part of the Hamiltonian (H r ), given by equation (3), does not have an analytical solution for all ranges of 0 and c . In this work, we applied the exact diagonalization method to solve the relative part of the Hamiltonian and to obtain the corresponding eigenenergies E r.
The two-electron wave function Ψ ( r 1 , r 2 ) = ψ ( r 1 , r 2 ) χ (σ 1 , σ 2 ) is a product of the spatial part ψ ( r 1 , r 2 ) and the spin part χ (σ 1 , σ 2 ). The spatial part can be separated into CM (2) and relative-mass (3) wave
The relative part ψ r ( r) has a parity of (−1) m , under the particle permutation (ϕ → ϕ + 2π). Therefore, the spatial part has an even parity for even m, and in this case, the spin part must be a singlet state with total spin S = 0. The total two-electron wave function becomes antisymmetric, as the Pauli exclusion principle requires. On the other hand, if the spatial relative part has an odd parity for odd m-values, then the spin part must be a triplet with total spin S = 1. The angular quantum number (m) and the total spin (S) are related by the expression
Exact diagonalization method
For the non-interacting case, the relative Hamiltonian in equation (3) is a single particle problem with eigenstates |n r m r > [2, 8] :
where the functions L |m r | n r α 2 r 2 are the standard associated Laguerre polynomials [26, 27] . We calculated the 
We used α as a constant with the dimensionality of an inverse length:
The size of the QD is characterized by the length l = 1 α = m * ω , which reduces to l = m * ω 0 in the absence of the magnetic field. The eigenenergies of the QD Hamiltonian, which are given by equation (4), consist of the sum of the energies for the centre of mass Hamiltonian (E cm ) and the eigenenergies (E r ) that are obtained by direct diagonalization to the relative Hamiltonian part. For the interacting case, we applied the exact diagonalization method to solve equation (3) and find the corresponding exact eigenenergies for arbitrary values of ω c and ω 0 .
We can write the matrix element of the relative Hamiltonian part using the basis |n r m r > as follows:
The first term in the right side of equation (9) is diagonalized as
where the Coulomb matrix energy can be given as
and λ = e 2 α ω 0 are dimensionless parameters [8] . By changing the coordinate transformation to a t-variable with a direct substitution of r = √ t α in the integration I nn = I n r n r , we can express the Coulomb energy matrix element in integral form:
We evaluated the above Coulomb energy matrix element in a closed form by using the Laguerre relation given in Appendix A [18] . The closed form result of the Coulomb energy greatly reduces the computation time needed in the diagonalization process.
In our calculation, we used the basis |n r m r > defined by equation (6) to diagonalize the relative QD Hamiltonian and to obtain its corresponding eigenenergies, E r .
To include the effects of the pressure (P) and temperature (T) on the energy states, we replace the dielectric constant ε with ε r (P, T) and the effective mass m* with m (P, T ) in the QD Hamiltonian as defined by Equations (2) and (3), where ε r (P, T ) and m * (P, T ) are the pressure-and temperature-dependent dielectric constant and electron effective mass, respectively. These pressure-and temperature-dependent mass parameters should be included in the energy spectrum Eq. (4). For a quantum dot made of GaAs, the dependencies of ε r (P, T ) and m * (P, T ) are given in Appendix B [36] [37] [38] .
The pressure-and temperature-dependent Rydberg energy (R * y (P, T )) is used as the energy unit and given as follows:
where a * B (P, T ) is the effective Bohr radius and given as:
Therefore, the effective Rydberg energy can be written as:
The numerical values of the pressure and temperature will be changed to study their effects on the ground state energy of the QD Hamiltonian in a zero (ω c = 0) and nonzero finite magnetic field (ω c ). Eventually, the ground state energies of the two-electron quantum dot system will be calculated as function of temperature (T), pres- sure (P), confining frequency and magnetic field (ω c ).
The obtained results are provided in the next section.
Results and discussion
We present the results for two interacting electrons in a quantum dot made from GaAs material (effective Rydberg energy R* = 5.825 meV) in Figs. 1-10 and Tables 1 and 2 . In Fig. 1 , we display the results for QD energy states (E) as a function of magnetic field strength (ω c ) calculated at zero pressure and zero temperature and for various values of the angular momentum m = 0, −1, −2, −3. The plot obviously shows the state with m=0 remains a ground state only for a small range of the magnetic field. As we increase the magnetic field, the m = 0 state rises in energy, while the states with m =−1, −2, −3, . . . decrease. As the quantum number, |m|, increases, the average separation of the electrons increases, also leading to a reduction in the Coulomb energy. The transitions in the angular momentum of the QD ground state from m = 0 to m = −1, −2, −3, . . . are associated with the total spin oscillations of the ground state between the singlet (S = 0) and the triplet (S = 1) states [6] . These transitions manifest themselves as cusps in the heat capacity and magnetization curves of these thermodynamic quantities, as we mentioned earlier in the introduction [20] [21] [22] [23] [24] [25] [26] [27] . The comparison of the energies with those in Reference [30] for ω c = 2 3 R * , (not shown), shows excellent agreement. For example, the first peak corresponds to the transition in the angular momentum of the ground state from: m r = 0 to m r = 1. The results show exact agreement between both works. In Table 1 , we have also listed the relative motion energy spectra of QD against the magnetic field computed at ω 0 = 0.5R*, P = 0 Kbar and T = 0 K. We have shown, in Fig. 2 , the exchange energy gap J(ω c ) = ΔE = E T − T S where E T (E S ) are the energies of the lowest lying triplet (singlet) states of the interacting QD Hamiltonian shown in Fig. 1 . The plot shows that the sign of the exchange energy (J) changes from positive to negative at the first energy level crossing, which occurs at transition magnetic field strength ω c = 0.7R*. The J-behaviour is attributed to the spin flipping of the ground state from a triplet (m=0) state at low magnetic field value, ω c < 0.7R*, to the QD system with a singlet (m = 1)-ground state, as the magnetic field strength increases to ω c > 0.7R*. The sign flipping of the exchange energy at the singlet-triplet (S-T) transition appears as a peak in the magnetic and thermodynamic curves, such as those of magnetization, magnetic susceptibility and heat capacity. In the magnetic susceptibility curve, this transition corresponds to the switch of the material's magnetic type: from diamagnetic (χ < 0) to paramagnetic (χ > 0). The numerical values of the exchange energy (J) are also listed in Table 2 against the strength of the magnetic field, ω c . The Jvalues, plotted in the figure, are in excellent agreement with the corresponding ones given in Reference [17] . To show the singlet-triplet phase diagram of the interacting electrons in the QD system, we have plotted, in Fig. 3 , the magnetic field strength (ω c ) against the confinement strength (ω 0 ). The figure shows a direct relation between the physical parameters ω 0 and ω c , of the QD. As the parabolic confinement (ω 0 ) increases, the parabolic confinement energy of the electron increases, and in this case, a greater magnetic field strength (ω c ) is required to induce the S-T transition. The data of Fig. 3 are produced by fixing first the confinement, ω 0 , and changing the strength of the magnetic field ω c until we have obtained the first transition (J = 0), in the ground state of the QD, namely from m = 0 to m = 1. The same computational process is repeated for the confining frequency range: ω 0 = 0 to ω 0 = 1.0.
To investigate the effects of pressure and temperature on QD energy spectra, we show in Fig. 4a the energy levels of the QD against the magnetic field for pressure P = 2.0 Kbar, temperature T = 0 K, ω 0 = 0.5R* and different angular momentum quantum number, m = 0, −1, −2, −3, −4. Comparing the energy spectra of the QD under the effect of pressure (Fig. 4a) with the corresponding ones but for the case with no external pressure (P = 0) given in Fig. 1 , we can see that the energy spectra show a clear energy increase under the influence of pressure. For example, the energy of the state m = 1 increases from E ≈ 2.6 meV to E ≈ 3.4 meV at zero magnetic field (ω c = 0) as the pressure increases from P = 0 to P = 20 Kbar at constant temperature. The energypressure and temperature behaviour can be understood from the effective mass and dielectric constant pressuretemperature relations given in Appendix C and displayed in Figs. C1-C4. The energy gap (E g ) of the GaAs material plays an important role in determining the dependence of the effective mass on the pressure and temperature, m * (P, T ), through the relations ((B2) and (B3)) given in Appendix B. The band gap of the GaAs material increases with increasing pressure and it decreases as the temperature increases [37] . To see the effect of pressure on the energy spectra more clearly, we have displayed separately, in Fig. 4b , the ground state energy for m = 0 against the magnetic field for pressure values P = 0, 10, 20 and 30 Kbar and T = 0 K. The figure again clearly shows the increase in the QD energy state as the pressure increases. Fig. C2 shows that the dielectric constant ε (p) decreases with increasing pressure at zero temperature. The average separation between the electrons also decreases with increasing pressure. The increments in both the dielectric constant and the electron separation, as the pressure increases, lead to an increase in the electron-electron Coulomb interaction, V c ≈ 1 ε(p)r , of the quantum dot Hamiltonian. Fig. C4 shows that the effective mass, m * (p), increases as the pressure increases and thus the kinetic energy term decreases. This competition between the Coulomb energy increase and kinetic energy reduction terms lead to an effective increase in the energy levels of the QD spectra. In Fig. 5 , we display the exchange energy (J) versus the magnetic field for P = 30 Kbar, T = 0 Kelvin and ω 0 = 0.5R*. The plot shows that, under the effect of pressure, the overall shape of the exchange energy J remains the same, while an increase in the absolute value of |J| is observed. To see the effects of pressure on the exchange energy in more detail, we have plotted the exchange energy against the magnetic field for different pressure values: P = 0 Kbar, 10 Kbar, 20 Kbar and 30 Kbar calculated at T = 0 K and ω 0 = 0.5R* (Fig. 6 ). The figure shows that the exchange energy J, taken for example at ω c = 0.1R*, increases from J = 0.13 meV to 0.21 meV as the pressure values increase from P = 00 to P = 30 Kbar. The J-enhancement is expected since the exchange energy, which depends on the Coulomb interaction, = ΔE ∝ V c = 1 (p)r , increases as the pressure increases, mirroring our argument given in the discussion of Fig. 4a and b.We have also investigated the effects of temperature on both the energy levels and the exchange energy. For example, Fig. 7 shows the energy levels of the quantum dot as a function of magnetic field for T = 350 K and P = 0 Kbar. Comparing the energy spectra for zero temperature (T = 0) given in Fig. 1 with the corresponding ones for T = 350 K, we can observe a reduction in the energy values as the temperature increases from T = 0 to T = 350 K. To see the effects of temperature on the energy spectra more clearly, we have plotted in Fig. 8 the eigenenergies against the magnetic field for states with angular momentum (m = 0) calculated at various temperature values: T = 0 K, T = 150 K and T = 350 K. The figure shows an energy reduction as the temperature increases for fixed values of magnetic field. This energy-temperature behaviour is again due to dependence of the physical material parameters: ε (p, T ) and m * (p, T ) on the temperature. Fig. C1 shows that the dielectric constant increases as the temperature increases. However, the effective mass decreases as the temperature increases. In this case, the kinetic energy of the electrons increases, leading to a larger average separation distance between the electrons in the QD. The increases in both the average electron separation and the dielectric constant cause a drop in the Coulomb energy, since the Coulomb energy term V c ≈ 1 ε(T )r is inversely proportional to the average distance(r) and the dielectric constant (ε). Furthermore, the exchange energy (J) is shown, in Fig. 9 , as the function of the magnetic field for three temperature values, T = 0 K, 150 K and 350 K. The effect of temperature on the exchange energy is opposite to the effect of pressure. The absolute value of the exchange energy |J| drops from approximately J=≈0.16 MeV to J = 0.12 MeV at ω c = 0.1R*, as the temperature increases from T = 0 to T = 350 K. The reduction in the |J|-value of the exchange energy is due to the drop in the Coulomb energy as the temperature increases. The same reasoning is given in the discussion of the behaviour of the energy spectra displayed in Figs. 7 and 8 . The exact diagonalization method is used in spanning the total Hamiltonian for the selected single electron basis and extracts the lowest eigenvalues (eigenenergies) of the matrix. The procedure of increasing the number of linearly independent eigenstates converges to the exact results. In each step, the new energy results are compared with previous results from a smaller space until a satisfactory convergence is achieved. Convergence is achieved in our numerical calculations. In Fig. 10 , we plot the ground state energy against the number of bases s p for ω c = 5R* and ω 0 = 0.5R* to ensure that convergence is achieved in our calculations. The figure clearly shows the numerical stability of the ground state energy as the number of bases increases. For example, the ground state energies converged to E r ∼ = 3.688R* as we increased the number of bases from s p = 5 to 30.
In conclusion, we have investigated the effects of pressure and temperature on the exchange energy and the singlet-triplet phase diagram of the QD as a function of the magnetic field. The exact diagonalization method is applied to solve the two-electron QD Hamiltonian. Our results are in very good agreement with other reported works.
Appendix A. Properties of the Laguerre polynomials
The following Laguerre relation was used to evaluate the Coulomb energy matrix element in a closed form [18, 22] : where m 0 is the free electron mass, E г g (P, T ) is the pressure-and temperature-dependent energy band gap for GaAs quantum dots at -point, b = 1.26 × 10 −1 eV GPa −1 and c = −3.77 × 10 −3 eV GPa −2 [36] .
Appendix C. The plots show the dependence of the effective mass and dielectric constant on the pressure and temperature. 
